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Section 1

Introduction
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Notation and basic concepts

Consider N data points in a high d-dimensional space:

X = [x1 x2 . . . xN ] ∈ Rd×N

Dimensionality reduction problem

Given a target low dimension K < d, find a map T : Rd → RK which minimizes
some objective fX(.).

Low-dimensional transformed data: x̂i = T (xi)

Linear dimensionality reduction problem

Given a target low dimension K < d, find a linear map P ∈ RK×d which
minimizes some objective fX(.).

Low-dimensional transformed data: x̂i = Pxi
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Notation and basic concepts

Assume that the data are centered: Xe = 0, where e = (1, 1, . . . , 1)> ∈ RN .

This can be done by

X ← X

(
I − 1

N
ee>

)
:= XJ,

Sample covariance matrix: C =
1

N
XX> ∈ Rd×d

Gram matrix: Y = X>X ∈ RN×N , matrix of inner products Yij = 〈xi, xj〉

Singular value decomposition: X = UΣV >, where Σ = diag(σ1, σ2, . . . , σr),
r = rank(X), U ∈ Rd×r and V ∈ RN×r such that U>U = I, V >V = I, and:

Xvi = σiui, i = 1, 2, . . . , r

X>ui = σivi.
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Notation and basic concepts

EDM: Let D ∈ RN×N such that Dij = d2ij . D is said a Euclidean distance

matrix (EDM) if there exists X ∈ Rd×N such that ‖xi − xj‖22 = d2ij ,∀{i, j}.

From the identity ‖xi − xj‖2 = ‖xi‖2 − 2〈xi, xj〉+ ‖xj‖2:

D = K(Y ) := diag(Y )e> + ediag(Y )> − 2Y,

(where Y = X>X). Thus, given an EDM D we obtain

Y = K†(D) := −1

2
JDJ.

Theorem [Schoenberg, 1935]

D is EDM iff K†(D) is positive semidefinite. Moreover, the embedding dimension
is given by rank(K†(D)).

Douglas S. Gonçalves (MTM - UFSC) Dimensionality reduction Machine Learning Seminars 5 / 22



Notation and basic concepts

EDM: Let D ∈ RN×N such that Dij = d2ij . D is said a Euclidean distance

matrix (EDM) if there exists X ∈ Rd×N such that ‖xi − xj‖22 = d2ij ,∀{i, j}.

From the identity ‖xi − xj‖2 = ‖xi‖2 − 2〈xi, xj〉+ ‖xj‖2:

D = K(Y ) := diag(Y )e> + ediag(Y )> − 2Y,

(where Y = X>X). Thus, given an EDM D we obtain

Y = K†(D) := −1

2
JDJ.

Theorem [Schoenberg, 1935]

D is EDM iff K†(D) is positive semidefinite. Moreover, the embedding dimension
is given by rank(K†(D)).
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Section 2

Linear Dimensionality Reduction
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PCA
Principal Component Analysis: find P ∈ RK×d such that the projected data
X̂ = PX preserves the variance in the original data X as much as possible;
equivalently (minimizing reconstruction error):

min
M

‖X −MM>X‖2F := fX(M)

s.t M ∈ Rd×K , M>M = I,

where P = M> (ie, x̂i = M>xi).

[ the objective is equivalent to min. −tr(M>XX>M) ].

From the reduced SVD of X: XX> = UΣ2U> = UΛU>

It turns out that M = Û is the solution, where Û ∈ Rd×K with the columns of U
corresponding to the K largest eigenvalues of XX>.

Thus P = Û> and X̂ = Û>X.
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Simple example

http://setosa.io/ev/principal-component-analysis/
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Σ̄V̄ > =

σ1 = 561.44,

σ2 = 368.49,

σ3 = 127.95,

σ4 = 0.

http://setosa.io/ev/principal-component-analysis/

X̂ =

[
−144.99 477.39 −91.86 −240.52
2.5330 58.90 −286.08 224.64

]
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MDS

Classical Multidimensional Scaling

Given the dissimilarities(distances) between data points in d-dimensional space,
find a representation X̂ in a K low dimensional space such that the pairwise
distances are preserved.

min
X̂∈RK×N

∑
i,j

(δij − d(x̂i, x̂j))
2

If the data points are available: Y = X>X = V Σ2V > = V ΛV > = V
√

Λ
√

ΛV >.

Thus,

Xd =
√

Λ̄V̄ > ∈ Rd×N ,

Xr =
√

ΛV > ∈ Rr×N ,

and the solution of the MDS is given by

X̂ = Σ(1 : K, 1 : K)V (:, 1 : K)>

(which is precisely Û>X).
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MDS

In fact, MDS can be stated as

min
M

−
∑
i,j

‖M>xi −M>xj‖22

s.t M ∈ Rd×K , M>M = I.

The above objective is equivalent to maximize
∑

i,j ‖x̂i − x̂j‖22, i.e., maximize the
scatter of the projected points (which in its turn is the same of maximizing
tr(M>XX>M)).
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Example
1 2 3 4 5 6 7

murder 1 1.00 0.52 0.34 0.81 0.28 0.06 0.11
rape 2 0.52 1.00 0.55 0.70 0.68 0.60 0.44
robbery 3 0.34 0.55 1.00 0.56 0.62 0.44 0.62
assault 4 0.81 0.70 0.56 1.00 0.52 0.32 0.33
burglary 5 0.28 0.68 0.62 0.52 1.00 0.80 0.70
larceny 6 0.06 0.60 0.44 0.32 0.80 1.00 0.55
car theft 7 0.11 0.44 0.62 0.33 0.70 0.55 1.00

distance from correlation: dij = 1− ρij
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Section 3

Nonlinear data structures
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Isomap

Main idea: preserve the intrinsic geometry of data as captured in the geodesic
manifold distances dM . [but we only have input-space distances dX ]

1 Construct neighborhood graph: using dX(i, j) construct a graph G, with
and edge {i, j} if i and j are closer than ε (or if i is one of the k-NN of j).
Assign dG(i, j) = dX(i, j) for those pairs.

2 Compute shortest path distances: apply Floyd’s algorithm (shortest
paths) to complete a distance matrix D (Dij = dG(i, j)2) by setting
dG(i, j) as the shortest path between i and j.

3 Obtain a K-dimensional embedding by using MDS:

Y = K†(D) = V ΛV >,

X̂ =
√

Λ+(1 : K, 1 : K)V (:, 1 : K)>.

[Tenenbaum et al., 2000]
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Laplacian eigenmaps

1 Construct a weighted graph G(V,E,W ) with N nodes, set of edges E
connecting neighboring points.

2 Build the Laplacian of such graph:

L = D −W,

where D is the degree matrix (Dii =
∑

j Wij) and W is a weight matrix
(Wij > 0, ∀{i, j} ∈ E, Wij = 0, ∀{i, j} /∈ E).

3 Solve the generalized eigenvalue problem:

Lvi = λiDvi,

set VK = [v1 v2 . . . vK ] corresponding to the K smallest eigenvalues
(excluding the null one) and retrieve X̂ = V >K .

[Belkin, Niyogi, 2003]
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Laplacian eigenmaps

(underlying idea)

min
X̂∈RK×N

∑
i

∑
j

Wij‖x̂i − x̂j‖2

s.t X̂DX̂> = I,

(P)

where the constraint prevents the points from collapsing in a subspace with
dimension less than K − 1.

Using L = D −W and Dii =
∑

j Wij , one can show that∑
i

∑
j

Wij‖x̂i − x̂j‖2 = 2tr(X̂LX̂>),

and from optimality conditions for (P), it follows that the solution is provided by
the matrix of eigenvectors corresponding to the K smallest eigenvalues of the
generalized eigenvalue problem:

Lv = λDv.
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Section 4

Random projections
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Johnson-Lindenstrauss lemma

Lemma

Given ε ∈ (0, 1), and n points in Rd, if K = O

(
1

ε2
log n

)
, then there exists a

map P : Rd → RK such that

(1− ε) ‖xi − xj‖2 ≤ ‖Pxi − Pxj‖2 ≤ (1 + ε) ‖xi − xj‖2, ∀i, j.

Proof. (Sketch)

Let v ∈ Rd, such that ‖v‖ = 1. If P ∈ RK×d is a suitable random matrix then

Pr
[∣∣‖Pv‖2 − 1

∣∣ > ε
]
< e−CKε2 .

Applying this to v = (xi − xj)/‖xi − xj‖ for a fixed pair i, j yields

Pr
[∣∣‖P (xi − xj)‖2/‖xi − xj‖2 − 1

∣∣ > ε
]
<

1

n2

taking the union bound over
(
n
2

)
pairs:

Pr
[
(1− ε) ‖xi − xj‖2 ≤ ‖Pxi − Pxj‖2 ≤ (1 + ε) ‖xi − xj‖2

]
> 1/2.
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Random projections

P as an orthogonal projector [Johnson, Lidenstrauss, 82]: pick k random
(i.i.d) orthonormal vectors in Rd

Gaussian random projector [Indyk, Motwani, 98], [Dasgupta, Gupta, 2003]:

P =
1√
K
R, where Rij ∼ N (0, 1) i.i.d.

Orthogonality: high dimension → high probability
Normalization: exponential concentration bound

Other practical choices:

A very simple one: Rij = ±1 with probability 1/2.

[Achlioptas, 2003]: Rij =
√

3×


−1, w.p. 1/6

0, w.p. 2/3

1, w.p. 1/6.
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Last example: Google images query
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Clustering ...

Each image was rescaled to 200× 200 pixels and, by using RGB scheme,
represented by a vector x ∈ R120000.

Clustering by k-means: (k = 3, runs=100)

>> tic; Vx = kmeans(X, 3, 100); toc

Elapsed time is 6.936064 seconds.

v = [1, 1, 2, 2, 2, 2, 3, 3]

Preprocess by Random Projection (ε = 0.1, K ≈ 500), then k-means:

>> tic; Vy = kmeans(Y, 3, 100); toc

Elapsed time is 0.058027 seconds.

v = [1, 1, 2, 2, 2, 2, 3, 3]
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